We derive a linear relation between the one-loop five-point amplitude of N = 8 supergravity and the one-loop five-point subleading-color amplitudes of N = 4 supersymmetric Yang-Mills theory.
Introduction
The recent explosion of interest in N = 4 supersymmetric Yang-Mills (SYM) and N = 8 supergravity amplitudes is due to the discovery of a host of symmetries and structures that are completely hidden in the traditional Feynman diagram approach to computing amplitudes. Perhaps even more surprising are the relations that have begun to emerge between perturbative gauge theory and gravity amplitudes.
Tree-level relations between gauge and graviton amplitudes were originally discovered in the field-theory limit of the string-theoretic KLT relations [1] . One-loop relations between N = 4 SYM and N = 8 supergravity amplitudes were also first obtained using string theory [2] , while unitarity methods have been used to derive relations at higher loops [3] [4] [5] [6] . While much of the recent spectacular progress has involved planar (large-N) SYM amplitudes, the connection between SYM and supergravity amplitudes intimately involves the non-planar (subleading-in-1/N) contributions to SYM amplitudes.
The connection between gauge and gravity amplitudes has recently been significantly tightened through the discovery of a new color-kinematic duality of gauge theory amplitudes by Bern, Carrasco, and Johansson [7, 8] . It was conjectured [7] and proven [9] [10] [11] [12] that tree-level n-gluon amplitudes may be written as a sum over diagrams built from cubic vertices
in which the kinematic numerators n i obey precisely the same set of algebraic relations observed by the color factors c i . The denominators d i are products of the inverse propagators corresponding to each cubic diagram. Given a tree-level n-gluon amplitude in a form that respects colorkinematic duality, it was further conjectured [7] and proven [13] that n-graviton amplitudes can be expressed as a sum over the same diagrams
with the color factors replaced by a second copyñ i of the numerator factors. At the loop level, color-kinematic duality was conjectured [7, 8] to hold for the numerator factors appearing in the integrands of gauge-theory loop diagrams built from cubic vertices, and this was verified through three loops for the N = 4 SYM four-point amplitude [8, 14] . Loop-level gravity amplitudes can then be obtained from the same diagrams using a double copy of the numerator factors. Related work on color-kinematic duality appears in refs. [15, 16] , and some recent reviews are refs. [14, 17] . Recently, Carrasco and Johansson [18] demonstrated that the five-point amplitude can be written in a form in which the numerators of the integrands respect color-kinematic duality at one, two [18] , and three [19] loops. The one-loop N = 4 SYM five-point amplitude is [18] A (1) 5 = ig [18, 20] that eq. (1.5) agrees with the known expression in ref. [4] . Loop amplitudes of N = 4 SYM theory possess IR divergences which can be regulated through dimensional regularization in D = 4 − 2ǫ dimensions with ǫ < 0. The leading IR divergence of one-loop n-point amplitudes, such as eq. (1.3), goes as 1/ǫ 2 [21] . In a 1/N expansion of the SYM amplitude, however, the coefficients of the subleading-color amplitudes have IR divergences that are less severe than the leading-color (planar) amplitudes [22] [23] [24] . At one loop, for example, the IR divergence of the double-trace amplitude (which is subleading in 1/N) goes as 1/ǫ, as ascertained for n-point functions in ref. [24] . This matches the leading IR divergence of one-loop N = 8 supergravity amplitudes, which also go as 1/ǫ [25] , suggesting the possibility of linear relations between supergravity amplitudes and subleading-color SYM amplitudes. Such relations were found at one and two loops for four-point amplitudes in ref. [22] . In this paper, we propose and prove the relation .5)). This relation is distinct from one proposed in ref. [20] between the one-loop supergravity amplitude and the leading-color SYM amplitudes A 5;1 (12345), as we discuss at the end of sec. 4. The relation between loop-level gauge theory and supergravity amplitudes proposed in ref.
[8] is a diagram-by-diagram map between the integrands. In contrast, the various relations between subleading-color SYM and supergravity amplitudes found for one-and two-loop four-point amplitudes in ref. [22] , for one-loop four-and five-point amplitudes in ref. [20] , and for one-loop five-point amplitudes in the present paper, are between the integrated amplitudes. We observe that in all of these cases, the kinematic numerators are independent of the loop momenta and therefore can be factored out, leaving the same set of scalar integrals contributing to both the SYM and supergravity amplitudes. Finding relations between the integrated SYM and supergravity amplitudes when the numerator factors are dependent on the loop momenta will be more challenging. This paper is organized as follows. In section 2, we review the color and trace bases for representing SYM amplitudes. In section 3, we decompose the Carrasco-Johannson representation of the one-loop five-point amplitude into the trace basis. In section 4, we present and prove a linear relation between the one-loop five-point supergravity amplitude and the one-loop subleadingcolor five-point SYM amplitudes. Section 5 contains our conclusions, and in an appendix we review the leading IR divergence of the one-loop subleading-color five-point SYM amplitude.
2 The one-loop N = 4 SYM five-point amplitude
In this section, we review how the one-loop five-point amplitude of N = 4 SYM theory may be expressed in both the color basis and the trace basis, and how the coefficients in each of these bases are related to one another.
A complete color basis for one-loop five-point amplitudes is spanned by the pentagon color diagram in fig. 1 (a) C
12345 =f
and its permutations (e.g., see ref. [26] ), wheref abc = i √ 2f abc are the structure constants for the SU(N) gauge group. The one-loop five-point amplitude can then be expressed as
where a(12345) depends on the momenta and helicities of the external states, and the sum is over all permutations of the momentum, helicity, and color index a of the external states. The color factor C
12345 is manifestly symmetric under cyclic permutations of 12345 and antisymmetric under 12345 → 54321. Bose symmetry implies that a(12345) is therefore also symmetric under cyclic permutations and antisymmetric under reversal of indices, so we can rewrite the amplitude as a sum over twelve terms
where we choose an explicit basis
Alternatively, the one-loop five-point amplitude may be expressed in terms of a trace basis [27]
where
) and the matrices T a are the generators in the defining representation of SU(N), normalized according to Tr(T a T b ) = δ ab . There are twelve independent single-trace coefficients A 5;1 (12345), which are symmetric under cyclic permutations and antisymmetric under reversal of indices, and ten independent doubletrace coefficients A 5;3 (12; 345), which are symmetric under exchange of the first two indices, and completely antisymmetric under permutations of the last three indices. We therefore write
where the basis {t λ } consists of the following single-trace terms
The color (2.4) and trace bases (2.7) and (2.8) are related by
which gives the first row M 1λ of the transformation matrix. The other rows may be obtained through permutations of the external state indices 
(2.11) Equation (2.9) implies that the coefficients of the color and trace bases are related by
i.e., the coefficients a(12345) in the color basis (2.3) are precisely equal to A 5;1 (12345), the coefficients of the single-trace terms in eq. (2.5). On the other hand, these planar amplitudes are well-known to be given by the sum of five 1m scalar box integrals [21] . The leading IR divergence of these planar amplitudes therefore goes as 1/ǫ 2 . Equations (2.11) and (2.12) also give the coefficients of the double-trace terms; e.g.,
(2.14)
Comparing eqs. (2.13) and (2.14) we see that each of the double-trace amplitudes can be written as a linear combination of the single-trace amplitudes, a result long known [21, 27] . An equivalent way to derive this result is to observe that the rank-twelve matrix (2.11) possesses ten null eigenvectors R λj :
Given that M iλ has the form 1l 12×12 m , one sees that R = −m 1l 10×10
. The existence of these null eigenvectors, together with eq. (2.12), implies ten relations among the color-ordered amplitudes
For example, the j = 1 relation is
that is, precisely the set of cyclically-ordered permutations in eq. (7.3) of ref. [21] . Although the planar amplitudes A 5;1 (12345) have a leading 1/ǫ 2 IR divergence, eq. (2.18) implies that the leading IR divergence of the subleading-color amplitude A 5;3 (12; 345) is only 1/ǫ, as shown in ref. [24] . We rederive this result in an appendix of this paper.
3 The CJ representation of the five-point amplitude Carrasco and Johansson recently derived expressions for one-and two-loop N = 4 SYM fivepoint amplitudes that manifest color-kinematic duality [18] . At one-loop their ansatz takes the form [8] A (1)
where the sum is over all cubic one-loop five-point diagrams, including relabelings of the external lines, with symmetry factors S i . The l im are the momenta flowing through each of the internal legs of the diagram, which can depend on the external momenta k j and the loop momentum p. The numerator factors N i are as-yet-unspecified functions of momenta and helicity. The color factors C i include the pentagon color diagram previously specified in eq. (2.1), but to obtain a representation of the amplitude that satisfies color-kinematic duality, one must also include the box-plus-line color diagram in fig. 1(b which is manifestly antisymmetric under 1 ↔ 2 and symmetric under 3 ↔ 5. The box color diagrams are not independent of the pentagon color diagrams; the Jacobi identity implies Other color diagrams containing triangles and bubbles need not be included since the corresponding numerator factors N i vanish for N = 4 SYM theory.
In a beautiful analysis employing supersymmmetry, generalized unitarity, and color-kinematic duality of the numerator factors N (P ) and N (B) , Carrasco and Johannson showed that the numerator factors at one loop are independent of the loop momentum, 4 and so eq. 4 For the two-loop five-point amplitude, the numerator factors do include dependence on the loop momenta. 5 As we will see below, β 12345 and γ 12;345 possess further symmetries as well. In the next section, we will use these properties to prove a one-loop relation between subleadingcolor SYM and supergravity five-point amplitudes.
One-loop supergravity-SYM relation
Given the N = 4 SYM amplitude in a form (3.4) satisfying color-kinematic duality, the BCJ conjecture [8] holds that the N = 8 supergravity amplitude can be written as a double copy [18] M whereβ 12345 andγ 12;345 correspond to a second copy of the N = 4 SYM numerators. It was verified in refs. [18, 20] that eq. (4.1) is equivalent to the known five-point amplitude [4] . The additional symmetries of γ ij andγ ij , allow one to rewrite eq. (4.1) as
where I (B) (12) is defined in eq. (3.12). The one-loop supergravity amplitude has a 1/ǫ IR divergence [25] , and so it is plausible that it may be expressed as a linear combination of the double-trace (subleading-in-1/N) color-ordered amplitudes A 5;3 (12; 345), which also have a 1/ǫ leading IR divergence. We now establish such a relation. Each of the ten subleading-color amplitudes A 5:3 (12; 345) appearing in eq. (4.4) can be rewritten in terms of pentagon integrals I (P ) (ijklm) and (sums of) box integrals I (B) (ij) using eq. (3.10). First we extract the coefficient of I (P ) (12345) in the double-trace amplitude A 5;3 (ij; klm). These can be read off the first row of eq. (2.11). Each of the following subleading-color amplitudes contain a factor of β 12345 I (P ) (12345): which is the five-point generalization of the one-loop SYM-supergravity relation for the four-point amplitude [2, 22] . We note that eq. proposed in eq. (3.27) of ref. [20] . Indeed, substituting eq. (3.9) into eq. (4.11) one finds M Then by using the symmetries ofβ 12345 together with the relation (3.15) one verifies that this is precisely equal to eq. (4.1), thus providing a direct verification of the equivalence of eqs. (3.27) and (3.28) of ref. [20] . Because the leading-color SYM amplitudes goes as 1/ǫ 2 , the leading IR divergences must cancel between the terms of eq. (4.11), whereas in eq. (4.10) the individual terms all go as 1/ǫ.
Consider the following linear combination of double-trace coefficients
A 5
Conclusions
In this paper, we have recast the Carrasco-Johansson representation of the one-loop N = 4 SYM five-point amplitude, which respects color-kinematic duality, into a trace basis consisting of leading-and subleading-color partial amplitudes. We then proposed and proved a linear relation between the one-loop N = 8 supergravity five-point amplitude and the subleading-color SYM amplitude, guided by the fact that the leading IR divergence of each goes as 1/ǫ. This generalizes earlier one-and two-loop relations for four-point amplitudes [2, 22] . In all of these cases, the kinematic numerator factors are loop-momentum-independent and so we were able to obtain relations between integrated amplitudes, and not just integrands. It is a challenging problem to find similar relations when numerator factors depend on loop momenta. Focusing on the IR behavior of the supergravity and subleading-color SYM amplitudes may provide clues for discovering further supergravity-SYM relations.
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A IR divergence of the subleading-color amplitude
In this appendix, we rederive the result [24] that the leading IR divergence of the one-loop subleading-color five-point amplitude Using this relation, it was shown in ref. [24] that the subleading-color amplitude A 5;3 (12; 345) can be interpreted as sums of volumes of simple polytopes [28, 29] .
We know from ref. [21] that the one-loop planar five-point amplitude has a Laurent expansion beginning The twelve tree-level coefficients appearing in this equation are not independent, however, but are related the Kleiss-Kuijf relations [30] . A nice way to derive these relations is to write the tree-level amplitude in a color basis consisting of [26, 31] [7] . The other nine c i are related to these by Jacobi identities.) This color basis can be rewritten using a basis of singletrace terms
where t λ are defined as in eq. (2.7) except that the factor of N is omitted at tree level. Then which are precisely the Kleiss-Kuijf relations [30] at five points. These relations can be used to eliminate A
7 through A
12 , e.g., A 
